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Abstract— The new formulation of the theory
of multichannel scattering on the example of collinear
model is proposed. It is shown, that in the closed
three-body scattering system the principle of quantum
determinism in general case breaks down and we have
a micro-irreversible quantum mechanics.
I. Introduction
All the processes, described by standard quantum me-
chanical approach, are stochastic processes from the
point of view of classical dynamics. The natural equiv-
alence between Schro¨dinger and Fokker-Plank equa-
tions was used for formulation of quantum mechanics
as stochastic theory [1], and the procedure of quan-
tization was introduced [2], that takes into account
the influence of stochastic processes on dynamics. For
solution of quantum problems different numerical al-
gorithms were proposed for stochastic dynamics (see
[3]). Note, that in all above approaches the formu-
lation of the main quantum object, that is the wave
function, was deterministic. We must underline, that
deterministic features of the physical theory are the
outcome of the symmetry of its main equations with
the change of the sign of time evolution.
At same time there is a lot of evidences for quantum
deterministic description violation both in physics (see
[4] ) and in chemistry [5-6].
In present communication, based on previous re-
search on scattering S-matrix [7-9], it is shown,
that nonstationary multichannel scattering in collinear
three-body system can be formulated as a problem of
wave packet evolution in a moving local coordinate sys-
tem, that makes in general case complex, some times
chaotic, motion on the Riemann manifold (Lagrange
surfaces of a system). It is proved, that for described
system the quantum determinism breaks down and we
have a typical example of irreversible quantum dynam-
ics.
II. Intrinsic geometry of collision system
The Schro¨dinger equation of the collinear reactive sys-
tem A + (B,C)n → (A,B)m + C after Delves-Smith
transformation, proposed in [10], can be reduced to
{
h¯2∆(x,y) + 2µ0 [E − V (x, y)]
}
Ψ = 0,
∆(x,y) = ∂
2
x + ∂
2
y ,
(1)
where µ0 = [mAmBmC/(mA +mB +mC)]
1
2 is re-
duced mass of particles mA, mB and mC having the
total energy E and V (x, y) being the interaction po-
tential between particles.
Let us consider the Sp surface, given by parametric
equation f
(
Eik;x, y
)
= −
√
2µ0
[
Eik − V (x, y)
]
, where
Eik is the translational energy in R
2
in. On the Sp it is
convenient to choose the curve ℑ (reaction coordinate)
which connect the R2in and R
2
out asymptotic sub-spaces
of multichannel scattering and that comes near to the
curve ℑext (the extremal rays of Lagrange manifold of
a system).
Along the curve ℑ let us determine the moving lo-
cal coordinate system (O (t) , ~e1, ~e2, ~e3)ℑ in such a way,
that a unit vector
→
e 1 (t) is directed along the tangent
to ℑ and →e 2 (t) is orthogonal to →e 1 (t) and directed
along the tangent of Sp, oriented in unique way by de-
termination of ~e3(t), that can be taken as vector prod-
uct of ~e1(t) and ~e2(t).It should be noted, that vectors
obeying to above conditions form a manifold
M (ℑ) =∪
q
Λq = {Λq} , (2)
with M (ℑ) being the sum of finite or infinite num-
ber of maps Λq, on each of which one can determine
local coordinates xiq, (i = 1, 2) and coordinate trans-
formations.
The displacement d
→
r on Sp is given in terms of local
coordinates u = u (x, y) , v = v (x, y) and we choose
the motion to be infinite along the u axis. In such a
way (see [11])
d
→
r=
→
e 1 (1 + λ1/ρ1) du+
→
e 2 (1 + v/ρ2) dv,
λ1 (u) = h¯/P0 (u, 0) ,
P0 (u, v) =
√
2µ0 [E − U (u, v)],
U (u, v) = V (x (u, v) ; y (u, v)) ,
(3)
and for metric tensor elements one has
g11 = (1 + λ1/ρ1)
2
, g12 = g21 = 0,
g22 = (1 + v/ρ2)
2
,
(4)
λi, ρi - are the projection of de Broglie wave and
main curvature correspondingly on plane of coordi-
nates u and v.
If ℑ corresponds to ℑext one has
ρ1 (u) = −p/pu, ρ2 (u) = −p/pv, (5)
with p (u) = P (u, 0) , p− = lim
u→−∞
p (u) and pxi =
∂xiP (u, 0), where P (u, v) =
√
2µ0
[
Eik − U (u, v)
]
and Eik = p
2
−/2µ0.
Note, that every curve ℑ generates its own M (ℑ),
that would be topologically equivalent to M (ℑext),
nevertheless individual maps Λq can vary significantly
from one curve to another. The choice of the curve ℑ,
different from ℑext, is supported by the fulfillment of
quasiclassical conditions in every point of it,
λ1 (uq)≪ |ρ1 (uq)| , λ2 (uq)≪ |ρ2 (uq)| ,
or λ1 (uq)λ2 (uq)≪ Λq ∼ |ρ1 (uq) ρ2 (uq)| .
(6)
where λ1 (uq) and λ2 (uq) are the de Broglie wave
lengths of imaging point by the u and v coordinates
correspondingly, and λ2 (u) ≤ v0 (u), where v0 (u) is
the distance between the caustics.
III. Equation of local coordinate system
motion
Let us study free motion of image point on manifold
M (ℑ (u (t))).In most general case it is given by equa-
tion (see [11])
xk;tt +
{
k
ij
}
M
xi;tx
j
;t = a (t)x
k
;t,
a (t) = −tss/s2t , (i, j, k = 1, 2)
(7)
with xk;t = dtx
k, xk;tt = d
2
tx
k, tss = d
2
st and st = dts.
In (7) t is the natural parameter of motion, i.e. time,
s - is the length of curve,
{
k
ij
}
M
is affine connectivity
on 2-D-manyfold, that is determined for nondegener-
ate matrix g = det(gij) 6= 0 by
{
k
ij
}
M
= 12g
kl (glj;i + gil;j − gij;l) ,
gij;k = ∂xkgij
(8)
Differential equation (7) with initial conditions gives
for any moment t the unique solution for trajectory
and speed of motion. The local coordinate system
motion is given by the equation for x1 = u (t) and the
second equation for x2 = v (t) is in some sense the con-
trolling equation. If those equations can be splitted,
direct transitions are possible in the quantum problem.
Note, that for any moment t the M (ℑ (u (t))) is
Riemann manyfold, but transforming the problem to
stationary representation one gets new non Riemann
manyfold Mstc (ℑ (u)), that can have curve-chaotic
structure.
IV. Solution of Schro¨dinger equation on
manyfold M (ℑ (u))
The Schro¨dinger equation in curvilinear coordinates
can be represented as [12]
{
h¯2g−
1
2 ∂xi
(
gij
√
g∂xj
)
+ P 20 (u, v)
}
Ψ = 0, (9)
Our purpose is to find the solution of the equation
(9), that will satisfy the following asymptotic condi-
tions for the full wave function of the system
lim
u→−∞
Ψ+ (u, v) = Ψin (n;u, v)+
∑
m 6=n
RmnΨ
∗
in (m;u, v) ,
lim
u→+∞ Ψ
+ (u, v) =
∑
m
SnmΨout (m;u, v) ,
(10)
where n and m are the quantum numbers of the
bound states in corresponding channel.
In (10) the coefficients Rmn and Snm are the excita-
tion and rearrangement amplitudes correspondingly.
Taking into account the fact that scattering wave
function is located along the reaction coordinate ℑ and
based on parabolic equation method [13] for such a
problem, we represent the solution of (7) in a form
Ψ+ (u, v) = exp
(
ih¯−1
u∫
0
p(u
′
)su′du
′
)
×
A (u, v) , su = dus.
(11)
After the coordinate transformation in equation (9)
τ =
(
Eik
)−1 u∫
0
p(u
′
)su′du
′
, z =
(
h¯Eik
)− 1
2 pv,
taking into account (5), (6) for the total wave func-
tion of three-body system in harmonic approximation
one gets
Ψ˜+ (n; z, τ) =
[(Ωin/pi) 12
2nn!|ξ|
] 12×
exp [iSeff (z, τ)]Hn
[√
Ωin
|ξ| · (z − η)
]
,
(12)
Seff (z, τ) = Scl (τ) − Eiv
τ∫
−∞
(
|ξ|−2 − 2µ0Eikp−2
)
dτ
′
+
{η˙ (z − η) + 12 ξ˙ξ−1 (z − η)
2 − 12 p˙p−1z2},
Scl (τ) = E
i
kτ/h¯− Eik
τ∫
−∞
{ 12 [(η˙)2 − Ω2(τ
′
)η2]+
F (τ
′
)η}dτ ′, Eiv = Ωin
(
n+ 12
)
.
(13)
The function ξ (τ) is the solution of classical oscil-
lator problem
ξ¨ +Ω2 (τ) ξ = 0,
Ω2 (τ) = −
(
Eik
p
)2 [
pvv
p +
p2v
p2 +
1
ρ2
2
+ puup +
p2u
p2
]
> 0
(14)
with asymptotic condition
ξ (τ) ∼
τ→−∞
exp (iΩinτ) ,
ξ (τ) ∼
τ→+∞ c1 exp (iΩoutτ)− c2 exp (−iΩoutτ) ,
(15)
with c1 and c2 being constants, determined by the
solution of (14).
As to the function η (τ), it satisfies the equation
η¨ +Ω2 (τ) η = F (τ) , (16)
and expressed via the solution of the equation (14)
η (τ) = (2Ωin)
− 1
2 [ξ (τ) d∗ (τ) + ξ∗ (τ) d (τ)] ,
η (−∞) = η˙ (−∞) ,
d (τ) = (2Ωin)
− 1
2
τ∫
−∞
dτ
′
ξ(τ
′
)F (τ
′
),
(17)
Note that in the limit τ → −∞ the exact wave func-
tion (12) is reduced to its asymptotic form Ψ˜in (n; z, τ)
Ψ˜in (n; z, τ) = lim
τ→−∞
Ψ˜+ (n; z, τ) =
[
(Ωin/π)
1
2
2nn!
] 12
exp
(
i
Eikτ
h¯
− Ωin
2
z2
)
Hn
(√
Ωinz
)
.
(18)
Asymptotic wave function Ψ˜out (m; z, τ) is found
from (16) by substitution Ωin → Ωout and n→ m.
V. S-matrix representation in terms of
internal time
Let us discuss the exact representation for the S-
matrix in terms of total wave functions of (in) and
(out) states [14]
Ψ+ (n;u, v) =
∑
k
Ψ− (k;u, v)Skn, (19)
Taking into account, that asymptotic wave functions
form a basic set for (out) asymptotic space R2out, after
projection of (19) onto this asymptotic state in the
limit u→ +∞ one gets
Smn = lim
u→+∞
〈Ψ∗out (m;u, v)Ψ+ (n;u, v)〉v =
= lim
τ→+∞
〈
Ψ˜∗out (m; z, τ) Ψ˜
+ (n; z, τ)
〉
z
, 〈...〉z =
+∞∫
−∞
dz.
(20)
In such a way we have a new representation for
S−matrix, that is one integral less, than standard one.
As in this case the variable u or τ plays a role of nat-
ural parameter t (usually time) in scattering theory,
and (20) is quite similar to nonstationary S−matrix
representation, we shall follow Prigogin [15] and call τ
the ”internal” time of three-body system.
VI. Transition amplitude for rearrangement
processes
Let us use the exact expression for S−matrix (20)
for calculation of the reaction transition amplitude.
By using (12) for total wave function and (17) for
asymptotic one we obtain the final expression for
A+ (B,C)n ⇀↽ (A,B)m + C reaction amplitude
Wmn = |Smn|2 =
(
1−θ
m!n!
) 1
2 |Hmn (b1, b2)|2×
exp
[
−ν(1−
√
θ cos 2ø)
]
.
(21)
Here the function Hmn (b1, b2) stands for complex
Hermitian polynomial, and
b1 =
√
ν (1− θ) exp (iø) ,
b2 = −
√
ν
[
exp (−iø)−
√
θ exp (iø)
]
,
ø = 12 (δ1 + δ2)− β.
(22)
The variables θ , δ1, δ2, β and ν are determined by
coefficients c1, c2 and by solution ξ (τ)
c1 = e
iδ1 (Ωin/Ωout)
1
2 (1− θ)− 12 ,
c2 = e
iδ2 (Ωin/Ωout)
1
2 [θ/ (1− θ)] 12
θ = |c2/c1|2 , d = lim
τ→+∞
d (τ) =
√
ν exp (iβ) .
(23)
In case of forced motion (ν = 0) the local coordinate
system (O (t) , ~e1, ~e2, ~e3)ℑext is moving along extremal
path ℑext and depending on one parameter θ
Wmn =
n≺!
n≻!
√
1− θ
∣∣∣P (n≻−n≺)/2(n≻+n≺)/2
(√
1− θ
)∣∣∣2 (24)
with n≺ = min (m,n), n≻ = max (m,n) , and
Pnk (x) is the associated Legendre polynomials.
Thus, the rearrangement in collinear three-body sys-
tem at overbarrier transitions to good approximation
is equivalent to the problem of quantum harmonic os-
cillator with variable frequency Ω (τ) in the external
field F (τ) with τ being the ”internal”time, that in
certain conditions can be chaotic. It’s in turn means,
that in general case the parameters θ, δ1, δ2 and ν and
hence S-matrix elements being random too.
VII. Conclusion
In present paper we tried to introduce the new formu-
lation of the theory of multichannel scattering on the
example of collinear model. It is shown, that there
exist a natural formulation of the problem with the
evolution equation of the system determined in intrin-
sic geometry M (ℑ (u)) on Riemann manyfold ℑ (u),
described in term of moving local coordinate system(
O (t) ,
→
e 1,
→
e 2,
→
e 3
)
ℑ
. It is proved, that motion of
the local coordinate system, obeying to the system
of equations (2), on manyfold M (ℑ (u)) in general
case is quite complicated and sometimes chaotic. It
is shown, that transition to stationary description can
be realized by introduction of a new wave equation
(9), in general case, on curved, foam-like manyfold
M (ℑ (u)). By means of choosing of the corresponding
reaction path coordinate ℑ (the curve that connects
the asymptotic scattering sub-spaces R2in and R
2
out)
along which the local coordinate system makes pro-
gressive motion, the initial two-dimensional hyperbolic
equation can be approximated at any collision energy
with any precision and reduced to one-dimensional
non-stationary equation for anharmonic quantum os-
cillator in a general case with chaotic internal time
τ (u (t)). In internal time formulation the new repre-
sentation of transition matrix, being by one integra-
tion smaller, was built, and the fact that in case when
internal time τ being natural parameter t, it repre-
sents the exact S-matrix of non-stationary scattering
problem was proved.
In other words, the micro-irreversible quantum rep-
resentation for the problem of multichannel quan-
tum scattering was obtained for the first time. It
means, that in the closed three-body scattering sys-
tem the principle of quantum determinism in general
case breaks down.
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